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Inf[«]:=

Inf[]:=

Clear[initialcrossing, initialmatrix, braidword, Quad, A, F,
HigherOrder, kerbeforesub, keraftersub, exp2, poly, poly2, tr, knot, n, p1, p2]

knot = {3, 1};
fl{i_, n_}] :=1If[n >0, ConstantArray[{i, 1+1}, {n}], ConstantArray[{i1+1, 1}, {-n}]1]
list = Flatten[f /@ KnotData[knot, "BraidWord"]];
initialcrossing = firstcrossing[Take[list, {1, 2}17];
initialmatrix = firstmatrix[Take[list, {1, 2}]1];
braidword = Sequence[Partition[Take[list, 2 - Length[list]], 2]];
n = KnotData[knot, "BraidIndex"];
firstcrossing[{x_, y_}] := If[x <y, HO, ,, INV, ,] ;
firstmatrix[{x_, y_}] := If[x <y, Matrix,, ,, Imatrix, .];
alex = KnotData[knot, "AlexanderPolynomial™] [t"2];
amp = KnotData[knot, "Amphichiral"];
rep2[i_, j_] :=
Which[i =j==0, 1, True, ((i!j! Coefficient[exp2, d;%12,"j]) /. {22 @, d; > 0})]
rep3[i_ ,J ,k , L ] := NhiCh[i ==j=kR=L==0, 1, True,
((irjrki L1 Coefficient[exp2, d;"i2z,%jd3 ~k237L]) /. {2, 50, d > @, 2350, d;3 > 0}) ]
repd[i_,Jj ,k , L _,m ,n_] := WhiCh[i z=J=Rz=L=m=n==0, 1, True,
((itjrkrLiminy Coefficient [exp2, d;”i2,7jd3 k23~ dg ~m2za™n]) /.
{z,»0,d,»0, 2z350,d; 50, 2, >0, d4—>0})]
rep5[i_ ,J ,k , L ,m y,n ,0 ,p ] := WhiCh[i =J=R=Ll==m=n=0=p==0, 1, True,
((itjrerLimintotpl Coefficient[exp2, d"12,"jd3 ~kz3 L dy *mza~nds ~ozs*pl) /.
{z,50,d, 50, 2;50,d350, 2,50, dy >0, 25 5 0, ds > 0}) |
r‘epﬁ[i_: j_) k_) l-_: M_sN_50_5sp_5q_,r_]:=
Which[i=j=Fk=Ll==m=n=0=p=q=r==0,1, True, ((itjtktlimintotpiq!
riCoefficient[exp2, d,"iz;”jd3 "kz3"L dy "mza”~nds "0z5 pde”g2ze™r]) /.
{z,+0,d,>0,2;50,d350, 2,50, dy >0, zs 50, ds > 0, Zg > 8, dg > 0}) |
trace,[s_] := Expand[Plusee (s /. Rule[{a_, b_}, c_] = rep2[a, b] c)]
trace;[s_] := Expand[Plusee (s /. Rule[{a_, b_, e_, f }, c_] = rep3[a, b, e, f] c)]
traceys[s ] :=
Expand[Plusee (s /. Rule[{a_, b_, e_, f , g , h_}, c_]=repala, b, e, f, g, h] c)]
traces[s_] := Expand|
Plusee (s /. Rule[{a_, b ,e ,f ,9 ,h_,i_,3j },c_]=>rep5[a, b, e, f, g, h, i, j]c)]
traces[s_] := Expand|[Plusee (s /. Rule[{d_, b _,e ,f ,9 ,h ,i ,j ,k ,L },c 1=
rep6[a, b, e, £, g, h, i, 3, k,y L] c)]
gh[n_] := (1 + h Coefficient [Product[1+2hz;d;, {i, 2, n}], h, 1] +
h~2 Coefficient [Product[1+2hz;d; +2h"2 (z3d; +2;°2d;72), {i, 2, n}], h, 2] +
h~3 Coefficient [Product[1+2hz;d;+2h"2 (z3d; +2;72d;72) +
(4/3) h~3 (z3d; +32;2d;% +2;>d;*3), {i, 2, n}], h, 3] +h*4Coefficient|
Product[l +2hz;d; +2h”r2 (zi d; +z;°2 di'\z) + (4/3) h~3 (zi d; +32z;2d;2 +2z;3 di"3) +
(2/3) h~4 (Zi di+7Zj_2 diz+6213 dj_3+Zi4di4)_' {1, 2, n}], h, 4])
P e [T 57 1 :=Which[1 = kR&&j ==L, t, 1==L8&j=FR, t, 1=7=1L,
O, 1==j=k,1-t"2,1==7, 1, True, 0];
Matrix; . :=Array[p;,, {n, n}];
Imatrix, ., := Inverse[Matrix; .];
Sz, ,r [z; ] := Expand[Sum[z; Imatrix,,,[[1, j1], {i, 1, n}]];
Sder; , [dj ] := Expand[Sum[Matrix; .[[i, j1]di, {i, 1, n}]];
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ISz,  [z; ] := Expand[Sum[z; Matrix; ,[[i, j11, {i, 1, n}]];
Isder;  [d; ] := Expand[Sum[Imatrix; ,[[i, j1]d;i, {i, 1, n}]1];
Higher[a_, b _,w_, x_ ] :=
2a’wx 5 , , @*x* abx?
+2a°twx+3a°x° - +
t t2 t
WX 2a3w? x a?x? abx
+2a%twx+2a?bwx- ———+2a3twix+5a*x - —+
t t t2 t
2a%bwx?
5abtx?-4a*t?x®2+4aPwx?+2ab?wx?- ——— - 2a*btwx?-4a>t?wx?-
t
2a*w?x2  4a®bw?x?
4a*wx?2+2a?b?w? X+ - - +d4addbtw?x?+2a*t2w? X%+
t t
10 2a2bx3 4a®>x® 2ab*x® 16 14 4
—a’bx®- + + -—dtxX3-—ab?tx P+ —a?bt? P+
3 32 3t 3t 3 3 3
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aZ 2

) _2
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2 2 abw
Invia_, b ,w ,x ] :=1+h|b°w +
t
ab w? 10 4ab2w? 2a’bw?® 8bL3WP 2
h? [b% w? - +abtw?-b2t2wr+ —ab?>w?+ - + +—a’btw?-
t 3 32 3t 3t 3
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—b3twP-—ab?t? WP +a?b? vt + + + +—a? b2t - b2t -
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t

+abtw2—b2t2w2—2awa] +

HO; ,; :=Higher[z;, z;, d;, d;]
INV; ,; :=1Inv[z;, z;j, di, d;]
Der; [f_ ] :=f+Sum[(1/kt)DLf, {wi, k}, {Xi, k}1, {k, 1, 8}]
NO3[L , {1 _,7J }1/51<J :=
(Der; [Der; [Expand[1 + h Coefficient [ ((L /. Flatten[Table[{zx - Szi,;[2(], dk » Sder; ;[dc]},
{k, 1, n}11) /. {di > wi, dj > w;}) = Higher[x;, x;j, di, d;], h, 1] +
h~2 Coefficient[((L /. Flatten[Table[{z« - Szi,;[2k], dk » Sder,;[dc]},
{k, 1, n}11) /. {di > wi, dj > w;}) *
Higher[x:, X;, di, d;1, h, 2]]]]) 7. {wi > di, wj > dj, Xi > 24, X > 25}
NO3[L_, {i_, j_}]1 /5 i>3j := (Der;[Der;[Expand[1+h Coefficient|
((L 7. Flatten[Table[{z¢ - ISzj,;[2k], dx » ISder; i [dc]}, {k, 1, n}]1) /.
{di > wi, dj > w;j}) *»Inv[X;, X;, dj, di], h, 1] + h~2 Coefficient|
((L /. Flatten[Table[{zx - ISz;,:[2c], d » ISder; ;[dc]}, {k, 1, n}]]1) /. {di > w;,
dj > w;}) * InV[X;, Xi, dj, dil, hy 2]]]]) 7. {wi > di, Wy > dj, Xi > 2i, X5 > 25}

subd = Flatten[Table[d; » w;, {i, 2, n}]];
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subz = Flatten[Table[z; -» x;, {i, 2, n}]];
gIL_, {x_,y_}] :=If[x <y, L. (Matrix,,,), L. (Imatrix, )|

ghend3[f ] := Expand|
(f /. subd) +h (Coefficient[gh[n], h, 1] /. subz) +h~2 (Coefficient[gh[n], h, 2] /. subz) +
h~2 ((Coefficient[f, h, 1] /. subd) » (Coefficient[gh[n], h, 1] /. subz))]

Quad = Expand[Fold[g, initialmatrix, braidword]];
ai ,j :=1If[i=7j,Quad[[i, j1]-1, Quad[[i, j1]11;
A= Table[ai,j.v {i.v 2: n}, {j: 2: n]’];
F = Inverse[-A];
.- AbsoluteTiming [HigherOrder3 = Fold[NO3, initialcrossing, braidword];]

ouf-1- {0.937114, Null}

n-1- AbsoluteTiming [kerbeforesub3 = ( (1 = ghend3[HigherOrder3];
Do[1l = Der;[1], {i, 2, n, 1}];
1) /. Flatten[Table[{x; » z;, Wi » d;}, {i, 2, n}11);]

our - {0©.172053, Null}

n/-1= sub = Flatten[Table[zyx -» Expand [Sum[Quad[[i, k]] z;, {i, 1, n}]], {k, 1, n}]]

Out[+ = {Zl%tzzl7t421+t22ft322+t522, zzetzl—t321+t521+zz—t222+t422—t622}

.- AbsoluteTiming [keraftersub = 1 + h Expand [Coefficient [kerbeforesub3 /. sub, h, 1]] +
h~2 Expand [Coefficient [kerbeforesub3 /. sub, h, 2]71;]

our- - {0.399409, Null}

nf-1= sub3 = Flatten[Table[{z; » z; + Expand[Sum[F[[k, i-1]] Quad[[1, k+1]] z1, {k, 1, n-1}]1],
ds _>di+EXpand[Sum[F[[i_1: 111 Quad[[1+1, 1]]ds, {1,1,n-1}]111}, {i) 2, n}1]
tz; t3 Z1 t° Zq t d]_ t3 d1 t° d1

outf+ J= {22 - - + +23, dy > - + +d2}
2ot 4t t2-oth+t® t2-th 4 tb 2ot 4t t2-otA+t® t2-th 4 tb

inf-1= AbsoluteTiming[twopoly = 1 + h Expand [Coefficient [keraftersub /. sub3, h, 1]] +
h~2 Expand [Coefficient [keraftersub /. sub3, h, 2]1;]

outf-1- {0.252061, Null}

n-1= sub4 = Sum[ (Expand [Sum[F[[i-1, j-1]]1d;zj, {j, 2, n}, {i, 2, n}]])"i/i1, {i, 1, 10}]

da 2 d3 23 d3 23 dz 23
Out[+ ]= + + + +
ottt 2 (22t t8)? 6 (B2-tt8)? 24 (£2-tt4tf)?
d3 73 d3 23 d3 23
+ + +
120 (t2-t*+t)° 720 (t2-t*+t5)° 5@l (t2-t*+tf)’
d8 28 d3 23 d1e 730

+ +

40320 (tz—t4+t6>8 362880 (t2-t4+t6)9 3628800 (tz—t“+t6)10
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nf-1= AbsoluteTiming[exp2 = Expand[1 + sub4];]
ouf-]- {0.0001075, Null}

mn-}= subb = Flatten[Table[{d;, z;}, {i, 2, n}]]

ouf-j= {d2, Z}

n/-1= AbsoluteTiming[poly2 = CoefficientRules [twopoly, sub5]]

(0.318247, [ (4, 4} - % —2h2t6+6h2t8-13h2tle .

23h2£12 - 3302 144 ZZES _ 3702418, SR g5 p2 422, 20,

188h2t? z 78 h2t?7 z 18h2t* 2
4,3} 5 -h2t3z,+6h2t>2; -19h2t7 z; + + L _ L L
o & 3 4 a £2 14,6 2 4,16 t2 416
, {0, 1} » 2htd . S
outf« J= i
2 2 42 4 2 +4 6
{0, 0}%1+ 2ht d1212+ 2h1:d1212 6ht d12127 6htd1212+12ht d1212+ o
(E2-t44t8) (t2-t4+t°) (t2-t4+t°) (E2-t44t8) (t2-t4+t°)
6h’t'2dfz§  18h2tMdf z} 32h2t1%df 2§  34h2t'8diz}  22h2t%°diz}  7h2t?diz! } }
B D B B B Bl t2-t4+t°
large output show less show more show all set size limit...

n;-7- AbsoluteTiming[tr = trace,[poly2];]
out-1- {0.024945, Null}

n-;- testl = Together [Coefficient[tr, h, 1]]
212 (-1+2t2-3t4+21°)

outf+]=
(1-t2+1t%) 2

n-;- test2 = Together [Coefficient[tr, h, 2]]
2t2 (1-2t2+4t4-2t6+6t10-11t12+4t14)

Out[«]=
(1-t2+t%)*

1= p = If[amp = True, Cancel[Denominator [test1] /alex], Cancel[Denominator[test1] /alex~2]]
q = If [amp == True, Cancel[Denominator [test2] /alex"3],
Cancel [Denominator [test2] /alex~4]]

out[ ]= t4

out[ ]= t8
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- series = If[amp == True, Normal[Series |

(((1+htestl+h~2test2+h~3test3+h”4testd) (1/alex)) /. {t > tExp[h]}) (alex) /.

2
{h- g-h:} /. {h--Sqrt[1+h] +1/Sqrt[1+h]}, {h, @, 2}]], Normal[Series|

((((1+htestl+hr2test2+h”3test3+hr4testd) (1/alex)) /. {t > tExp[h]}) alex) /.
h h?
{ho 2-7h th o ]]]
h(1-2t2+2t4-2t0+t8) h2t* (1-t2-t%-t0+t5)

outf-1= 1 + -
(1-t2+t%)? (1-t2+t%)*

1= pl = Expand [Numerator [Coefficient [series, h, 111 /p]
1 2

ouf- - 2+ — - — -2t%+t*
t* t2?

1= p2 = Expand [Numerator [Coefficient [series, h, 2]]1 /q]
1 1

outf.]= 1 - — + — i t? -t
t* 12

nf-1= SessionTime[]

ou-- 60.7435421
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